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Consider a continuous-time stochastic model in which species arrive in the sample
according to independent Poisson processes and where the species discovery rates are
heterogeneous. Based on an initial survey, we are concerned with the problem of predicting
the number of new species that would be discovered by additional sampling. When the
sampling time or sample size of the additional sample tends to infinity, this problem reduces
to the prediction of the number of undetected species in the original sample, or equivalently,
the estimation of species richness. The topic has a wide range of applications in various
disciplines. We propose a simple prediction method and apply it to two datasets. One set
of data deals with the capture counts of the Malayan butterfly and the other set deals with
identification records of organic pollutants in a water environment. Simulation results are
shown to investigate the performance of the proposed method and to compare it with the
existing estimators.
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1. INTRODUCTION

In biological and ecological sciences, the compilation of complete species inventories
often requires extraordinary effort and is an almost unattainable goal in practical applica-
tions. There are undiscovered species in almost every taxonomic survey or species inventory.
Since the pioneering article by Fisher, Corbet, and Williams (1943), the estimation of species
richness has been extensively discussed in the literature and applied to many disciplines.
Bunge and Fitzpatrick (1993) and Colwell and Coddington (1994) provided comprehensive
reviews and historical development.

We are concerned with a more general problem of predicting the number of new species
that will be discovered in an additional survey given that an initial survey has already
been conducted. The prediction results provide objective bases to assess the effectiveness
of further surveys so that sampling efforts and funding can be allocated among sites for
effective and timely management of biological communities. The results can also be used to
assess survey completeness and estimate the minimum effort needed to reach a certain level
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Table 1. Frequency Counts for the Malayan Butterfly Data (Fisher et al. 1943). (fi: the number of species
represented by i individuals in the sample)

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14
fi 118 74 44 24 29 22 20 19 20 15 12 14 6 12

i 15 16 17 18 19 20 21 22 23 24 >24 D n
fi 6 9 9 6 10 10 11 5 3 3 119 620 9,031

of completeness. Therefore, the topic is especially important in species taxonomic surveys
(Boulinier et al. 1998; Keating, Quinn, Ivie, and Ivie 1998) and in environmental monitoring
(Janardan and Schaeffer 1981). This problem can also be approached by estimating the
prediction function, that is, the corresponding expected number of new species for any
further sample. When the sampling time or sample size of the prediction survey becomes
infinite, the problem reduces to the prediction of the number of undetected species in the
sample, or equivalently, the estimation of species richness.

Our motivations originated from analyzing the well-known Malayan butterfly data
(Fisher et al. 1943) and the organic pollutant records in environmental science (Janardan
and Schaeffer 1981). The former dataset includes a large collection of Malayan butterflies
made by A. S. Corbet in 1942. There were 9,031 individuals classified to 620 species. Out
of these species, 118 were represented by one individual, 74 by two individuals, 44 by three
individuals and so on (Table 1). Detailed analysis will be given in Section 3. According to
Fisher et al. (1943, p. 43) and Williams (1964, p. 20), once 24 individuals of any species had
been captured, little effort was made to obtain others of that species. We were thus motivated
to predict species richness based only on the exact lower order frequency counts (i.e.,
frequencies from rarer species). The other data compiled by Janardan and Schaeffer (1981)
include 1,258 distinct organic compounds from 5,720 separate identifications in a water
environment. The frequency counts (see Section 3 for details) are: 503 compounds were
identified once, 238 twice, 133 three times, and so on. Janardan and Schaeffer (1981) applied
several different methods to estimate how many more new compounds were expected to
appear as new datasets were formed. One of our motivations was to compare the relative
merits of the currently existing approaches.

Predictors or estimators based on various sampling models have been proposed. In the
parametric approach, the species discovery rates are modeled as a random sample from a
parametric distribution; for example, Fisher et al. (1943) adopted a gamma distribution.
Other parametric models include the normal (Coull and Agresti 1999), log-normal (Bulmer
1974), inverse-Gaussian (Ord and Whitmore 1986), generalized inverse-Gaussian (Sichel
1997), and beta distribution (Lloyd and Yip 1991). Semiparametric and nonparametric ap-
proaches were discussed by Good and Toulmin (1956), Efron and Thisted (1976), Burnham
and Overton (1978), Smith and van Belle (1984), Agresti (1994), Norris and Pollock (1998),
Boneh, Boneh, and Caron (1998), and Solow and Polasky (1999). Keating et al. (1998) pro-
vided interesting comparisons for various approaches, including the extrapolation (curve
fitting) technique and some parametric approaches.

The various approaches can be considered under a unified sampling scheme based on
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the mixed Poisson processes (Bunge and Fitzpatrick 1993). In this model, species arrive in
the sample according to independent Poisson processes. The commonly used multinomial
model can be obtained by conditioning on the total number of individuals in a mixed Poisson
sampling. In this article, we focus on the nonparametric approaches based on a continuous-
time framework. See Solow and Polasky (1999) and Shen, Chao, and Lin (2003) for a
discrete analogue of the model formulation.

In our model, the species discovery rates (i.e., rates of the Poisson processes) are allowed
to be heterogeneous. Here the discovery rate is a combination of species abundance and
individual detectability. The heterogeneity arises not only from the abundance of various
species but also from many other possible factors (movement patterns, color, size, and
vocalizations) that determine the chance of finding individuals.

For the general prediction problem in a continuous-time set-up, Fisher et al. (1943),
Good and Toulmin (1956), and Efron and Thisted (1976) proposed several nonparametric
approaches. Boneh et al. (1998) pointed out that some commonly used predictors lack cer-
tain desirable properties of the true prediction function. As will be discussed in Section 2,
they indicated that three critical properties should be satisfied and that the lack of those
properties would result in serious consequences. Thus, their work has established a gen-
eral guideline for constructing and comparing predictors. Boneh et al. (1998) proposed a
predictor that maintains those properties. However, their predictor generally exhibits bias
in simulation studies. It was their comment, “finding a better bias-correction is certainly a
worthy problem,” that led to our work. This article presents a simple alternative predictor
that satisfies the required properties of a prediction function and also improves on exist-
ing methods. The proposed predictor is derived under a weak assumption and performs
satisfactorily for simulated data under a variety of models with heterogeneous discovery
rates.

In Section 2, we formulate the models and present the proposed estimators. The
Malayan butterfly and chemical pollution data are analyzed in Section 3 to illustrate the
new method. Simulation results are reported in Section 4 to examine the performance of
the proposed method. In the final section, some discussion and concluding remarks are
provided.

2. MODELS AND METHODS

Assume that there are S species in a community labeled from 1 to S. In the initial
sample, the community is sampled for a fixed time. Without loss of generality, assume that
the initial survey corresponds to the time interval [−1, 0]. Individuals (or elements) of the
ith species arrive in the sample according to a Poisson process with discovery rate λi. Let
Xi be the number of times the ith species is observed in the time period [−1, 0]. Only those
species with Xi > 0 are discovered in the sample. Denote the maximum frequency in the
sample by r, that is, r = max{Xi; 1 ≤ i ≤ S}. Let n =

∑S
i=1 Xi be the total number of

individuals found in the initial sample and fk, k = 0, 1, . . . , r, be the number of species
represented by k individuals (or observed k times). Here the initial sample sizen is a random
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variable and f0 denotes the number of undetected species in the initial sample. Thus, we
have n =

∑r
k=1 kfk and fk =

∑S
i=1 I[Xi = k], where I[A] is the usual indicator function.

Let D =
∑S

i=1 I[Xi > 0] =
∑r

k=1 fk denote the number of distinct species discovered in
the initial survey.

The goal is to predict U(t), the number of new species that will be discovered in a
second survey for time interval [0, t]. This is equivalent to predicting how many of those
undetected species (in the initial survey) would be discovered in the second survey. The
prediction can also be approached by estimating the prediction function θ(t) = E[U(t)],
as will be derived below.

First, notice that for each of the undetected species with rate λ, the probability that this
species will be missed in the interval [0, t] is exp(−λt). Therefore, we have the conditional
expected value of U(t) given the initial data as

E[U(t) | data] =
S∑

i=1

(1 − e−λit)I[Xi = 0] = f0 −
S∑

i=1

e−λitI[Xi = 0]. (2.1)

If we average out all possible initial data, then the prediction function can be expressed as

θ(t) = E[E(U(t) | data)] =
S∑

i=1

(1 − e−λit)e−λi , (2.2)

because E{I[Xi = 0]} = e−λi . Expanding 1 − exp(−λit) in the above formula and using

E(fk) =
S∑

i=1

λk
i exp(−λi)/k! (2.3)

we can write θ(t) in terms of the expected frequencies as

θ(t) =
∞∑

k=1

(−1)k+1tkE(fk). (2.4)

The following estimator, originally derived by Good and Toulmin (1956, p. 49) and proposed
by Efron and Thisted (1976),

θ̂1(t) =
r∑

k=1

(−1)k+1tkfk, (2.5)

was obtained from the above formula by replacing E(fk) by the observed frequency fk.
However, this estimator lacks some theoretical properties of the prediction function (Boneh
et al. 1998) and may take negative values or become extremely large, as will be shown in
the numerical results in Sections 3 and 4. Boneh et al. (1998) suggested that any estimator
θ̂(t) should possess the following three properties:

1. θ̂(0) = 0.
2. θ̂(t) has a horizontal asymptotic value as t tends to infinity.
3. For any positive integer i, (−1)i+1θ̂(i)(t) > 0 for t ≥ 0, where θ̂(i)(t) denote the
ith derivative of θ̂(t) with respect to t.
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The above properties imply that any estimator θ̂(t) should be bounded, concave, and mono-
tonically increasing with t. Boneh et al. (1998) suggested an alternative prediction function
that replaces λi in Equation (2.2) by the observed data, resulting in the maximum likelihood
estimator. They further proposed the following bias-corrected version:

θ̂2(t) =
r∑

k=1

fke
−k(1 − e−kt) + v

[
e−f1/v − e−f1(1+t)/v

]
, (2.6)

where v is the solution of the equation v[1 − exp(−f1/v)] =
∑r

k=1 fk exp(−k) provided
the condition f1 >

∑r
k=1 fk exp(−k) is satisfied. The first term on the right-hand side of

Equation (2.6) is the maximum likelihood estimator of θ(t) and the second represents a bias
correction term.

Under the assumption that species represented the same number of times in the initial
sample have equal discovery rates in the community, we propose the following estimator:

θ̂3(t) = f̂0

[
1 − exp(−tf1/f̂0)

]
, (2.7)

where f̂0, as will be discussed and given in Equation (2.11), denotes a predicted number of
undetected species in the initial sample. It is clear that the predictor in (2.7) preserves the
three properties given above. The asymptotic value of our predictor as t tends to infinity is
f̂0. The validity of (2.7) is based on the following approximation formula:

θ(t) ≈ E(f0)
{

1 − exp
[−tE(f1)/E(f0)

]}
. (2.8)

Note that the right-hand side of (2.8) can be expanded as

∞∑
k=1

(−1)k+1tk
[E(f1)]k

k![E(f0)]k−1
. (2.9)

Comparing (2.4) and (2.9), we see that the proof of (2.8) under the assumption stated above
is then equivalent to showing the following: for any fixed integer k ≥ 2, if all species that
are represented j times in the initial sample have equal discovery rates in the community
for each j < k, thenE(fk) ≈ [E(f1)]k/{k![E(f0)]k−1}. That is, for k = 2, 3, . . ., we have

[E(f0)]k−1 ≈ [E(f1)]k/[k!E(fk)]. (2.10)

The proof details are given in the Appendix.
Assuming a uniform prior in an empirical Bayes argument, Good (1953) and Engen

(1978, pp. 31–32) concluded that the (posterior) discovery rate of a species, given it was ob-
served j times in the sample, is approximately (j+1)E(fj+1)/E(fj). For example, all sin-
gletons have about the same discovery rate, which can be approximated by 2E(f2)/E(f1).
Therefore, the assumption for our approach is satisfied from a Bayesian statistical point of
view.

Our proposed f̂0 is the sample coverage estimator derived by Chao and Lee (1992)
and adapted by Chao, Hwang, Chen, and Kuo (2000) for use in the analysis of long-tailed
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frequency data. In this approach, the degree of heterogeneity among the species discovery
rates is characterized by the parameter called the coefficient of variation (CV or γ). The
CV for fixed rates (λ1, λ2, . . . , λS) is defined as γ = [S−1 ∑S

i=1(λi − λ)2]1/2/λ, where
λ =

∑S
i=1 λi/S; when the rates are assumed to be a random sample from an unknown

distribution with mean µ and variance σ2, the CV is defined as σ/µ. In both cases, the CV
is zero if and only if the species have equal discovery rates. The larger the CV, the greater
the degree of heterogeneity among species discovery rates.

Species are divided into two groups (common and rare) by their observed frequencies.
Common species are those having more than κ individuals in the sample; the observed rare
species are those represented by only one, two, . . . , and up to κ individuals in the sample.
The prediction of the number of missing species is based entirely on the observed rare
species because common species would be discovered anyway and thus they do not contain
any information about the missing species. In other words, we consider a subcommunity
including rare species only. Let the total number of rare species in the sample be Srare =∑κ

i=1 fi =
∑S

i=1 I[0 < Xi ≤ κ]. Then the number of undetected species based on the
estimated sample coverage C̃rare = 1−f1/

∑κ
i=1 ifi is predicted by (Chao et al., 2000, sec.

2)

f̂0 =
Srare

C̃rare

+
f1

C̃rare

γ̂2
rare − Srare, (2.11)

where

γ̂2
rare = max

{
Srare

C̃rare

∑κ
i=1 i(i− 1)fi(∑κ

i=1 ifi

)2 − 1, 0

}
(2.12)

denotes the estimated squared CV for those species in the subcommunity. We remark that
in a multinomial sampling for which the sample size is fixed by design, the estimation
procedure is identical except that the estimator for the squared CV is slightly different,
that is, the term (

∑κ
i=1 ifi)2 in Equation (2.12) is replaced by (

∑κ
i=1 ifi)(

∑κ
i=1 ifi − 1).

It is clearly seen that all frequency counts are needed to compute the estimates proposed
by Efron and Thisted (1976) and Boneh et al. (1998). However, as Boneh et al. (1998)
indicated, species appearing many times (i.e., high frequencies) have almost no effect on
the prediction. Our proposed estimator based on Equations (2.7), (2.11), and (2.12) only
uses the first κ frequency counts (f1, f2, . . . , fκ). Chao, Ma, and Yang (1993) suggested a
fixed cut-off κ = 10, based on empirical evidence. The effect of the cut-off point on the
proposed estimates will be discussed in the examples and simulations.

As the prediction time tends to infinity, it follows from Equation (2.7) that our predictor
tends to f̂0. Consequently, our approach also offers an estimate of the total species richness
by adding in the number of discovered species. As shown in the following, this estimate of
species richness is needed in computing an estimated standard error of θ̂3(t).

Note that the frequencies f0, f1, f2, . . . , fr approximately follow a multinomial distri-
bution with an estimated number of species Ŝ = D+ f̂0 and cell probabilities (f̂0/Ŝ, f1/Ŝ,

f2/Ŝ, . . . , fr/Ŝ). Therefore, a variance estimator of the proposed estimator θ̂3(t) can be
obtained by using a standard asymptotic approach. That is, we have the following variance
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estimator

v̂ar(θ̂3(t)) =
κ∑

i=1

κ∑
j=1

∂θ̂3(t)
∂fi

∂θ̂3(t)
∂fj

ĉov(fi, fj), (2.13)

where ĉov(fi, fj) = fi(1−fi/Ŝ) for i = j and ĉov(fi, fj) = −fifj/Ŝ for i �= j. A similar
approach can be used to derive a variance estimator for the estimated number of species
and other estimators. The performance of this variance estimator will be investigated in the
simulation section.

3. REAL DATA EXAMPLES

3.1 BUTTERFLY DATA

We first consider the Malayan butterfly data analyzed by Fisher et al. (1943) in which
620 species were observed out of 9,031 individuals. All frequencies were given by Williams
(1964, p. 19). As described in Section 1, only the first 24 frequencies (given in Table 1) are
exact counts, so our method is based on these lower frequency counts.

This dataset has been analyzed by several authors for estimating species richness: Bul-
mer (1974) obtained an estimate of 815 (SE 43) species using a Poisson-lognormal model;
Ord and Whitmore (1986) estimated 719 species based on a Poisson-inverse Gaussian
model (but no SE); and Sichel (1997) fitted a Poisson-generalized inverse Gaussian model,
obtaining an estimate of 1,000 (but no SE was given).

Under a continuous-time model, the sample time of the initial survey is assumed to be
1. Our goal is to estimate the number of new species expected in an additional time interval
with t = 1/3, 1/2, 1, and 2, which roughly correspond to the prediction sizes of 3,010, 4,515,
9,030, and 18,060. The following three predictors were calculated:

• The predictor suggested by Efron and Thisted (1976), θ̂1(t) (see Equation (2.5));
• Boneh et al. (1998) predictor, θ̂2(t) (see Equation (2.6));
• The proposed predictor, θ̂3(t), for the cut-off point κ = 5, 6, . . . , 20 (see Equation

(2.7)).

The results are shown in Table 2, where our estimates are given only for four cut-off values
(κ = 5, 10, 15, and 20). The estimated CV based on Equation (2.12) is also shown for
each cut-off. The asymptotic method as derived in Equation (2.13) was used to obtain the
estimated SE for each estimator.

Table 2 shows that the estimates proposed by Boneh et al. (1998) are generally lower
than the other two. This is consistent with the findings in the simulations (Section 4) that it
has severe negative bias in most cases. When predicting a sample with a size less than the
original (t = 1/3 and 1/2), our estimates are little affected as the cut-off point is increased
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Table 2. Comparison of Three Methods for Four Prediction Times for the Butterfly Data. (Numbers in
parentheses denote the estimated standard error.)

Prediction time

Methods t = 1/3 t = 1/2 t = 1 t = 2

Efron and Thisted (1976) 32.5 (3.6) 45.2 (5.7) 78.0 (24.7) Overflow
Boneh et al. (1998) 24.5 (1.1) 32.8 (1.5) 49.0 (2.3) 62.2 (3.1)
Proposed in Equation (2.7)

κ = 5 (γ̂rare = 0.33) 31.2 (3.2) 42.0 (4.7) 62.4 (8.3) 77.0 (12.2)
κ = 10 (γ̂rare = 0.66) 32.0 (3.1) 43.6 (4.5) 66.5 (7.8) 85.0 (11.6)
κ = 15 (γ̂rare = 0.77) 32.6 (3.1) 44.7 (4.4) 69.6 (7.8) 91.2 (11.7)
κ = 20 (γ̂rare = 0.86) 33.2 (3.1) 45.9 (4.4) 73.1 (7.8) 98.8 (12.0)

from 5 to 20. In these cases, our estimates are very close to those of Efron and Thisted
(1976). As reflected by the estimated SE in Table 2 and will be verified in the simulations,
an advantage of our method over theirs is that our estimator has smaller variation in all
cases. Another advantage is that for t > 1 our estimate is always obtainable whereas Efron
and Thisted (1976) estimate may become extremely large such as in this example for t = 2.
However, for t ≥ 1, our estimates become sensitive to the value of the cut-off point. See
the discussion in Section 4.

We illustrate our method for the cut-off κ = 10. In the subcommunity including only
the rare species, the number of observed rare species is Srare =

∑10
i=1 fi = 385 and there

are
∑10

i=1 ifi = 1393 individuals. In this subcommunity, we have the estimated sample
coverage C̃rare = 1−f1/

∑10
i=1 ifi = 91.5% and the CV is estimated by γ̂rare = 0.66 based

on (2.12). The relatively large estimated CV indicates the existence of heterogeneity in
species discovery rates. It follows from (2.11) that the predicted number of unseen species
is f̂0 = 92. Adding in the observed species, we obtain an estimate for the species richness
Ŝ = D + f̂0 = 620 + 92 = 712 with an estimated SE of 17.3. If additional samples with
subsequently increasing sizes of 3,010, 4,515, 9,030, and 18,060 are conducted, then the
corresponding predicted numbers of new species using (2.7) become 32, 44, 67, and 85;
and these estimates are increased to f̂0 = 92 if the prediction size tends to be very large.

3.2 POLLUTANTS DATA

Janardan and Schaeffer (1981) presented all frequency counts for 5,720 identifications
of chemical compounds in an aquatic environment. There were 1,258 different distinct
compounds and the first 24 frequencies are given in Table 3. The prediction results for
three different approaches are presented in Table 4 for t = 1/3, 1/2, 1, and 2. Our proposed
predictor along with the estimated CV is shown for κ = 5, 10, 15, and 20.

As in the butterfly example, the estimates by Boneh et al. (1998) in Table 4 are the
lowest for each fixed prediction time. For t < 1, the relative differences in our estimates,
as the cut-off point is increased from 5 to 20, are limited, but for t ≥ 1, the influence of
the cut-off point becomes substantial. The estimated CV value for κ = 10 is γ̂rare = 0.75,
which indicates evidence of strong heterogeneity in the identification rates of polluants. Our
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Table 3. Frequency Counts for the Pollutants Data (Janardan and Schaeffer 1981). (fi: the number of
species represented by i individuals in the sample).

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14
fi 503 238 133 80 56 46 20 14 15 18 15 16 10 10

i 15 16 17 18 19 20 21 22 23 24 >24 D n
fi 9 4 12 6 7 4 4 1 4 0 33 1,258 5,720

method with κ = 10 yields comparable estimates to those of Efron and Thisted (except for
the case of t = 2) but the estimated SE for their estimator is larger in all cases.

Suppose another dataset with a similar size was formed (t = 1); the method of Efron
and Thisted (1976) predicts that there would be 346 (SE 34.5) new compounds in the set
and our method for κ = 10 give a very close estimate of 337 (SE 18.0). If two sets of
datasets (each of size 5,720) were formed, the additional number of new compounds would
be increased to 480 (SE 31.3) using our method for κ = 10 whereas the estimate by Efron
and Thisted (1976) is not obtainable. As t tends to infinity, our estimates of new pollutants
approach an asymptotic value of f̂0 = 584 (SE 55.8).

4. SIMULATION STUDY

A simulation study was carried out to examine the performance of the proposed es-
timator. The number of species in our simulation scenarios was fixed at 1,000. A variety
of theoretical models were considered but we only report some representative results. The
Poisson process rates (λ1, λ2, . . . , λ1000) of these five models, their CV and the expected
initial sample sizes are given below. The first model, the homogeneous model, is presented
for comparison although the model is rarely adopted in practice. The second model was
considered by Boneh et al. (1998). The third model, the Poisson-gamma or negative bino-
mial model, was first proposed by Fisher et al. (1943) and has been used by many others.
Models 4 and 5 are the Zipf and Zipf-Mandelbrot models (Zipf 1965; Mandelbrot 1977),
which are prevalent in natural sciences and linguistics for modeling frequency data. All the
estimation results are shown in Tables 5 to 9.

Model 1: (Homogenous model). λ1 = λ2 = · · · = λ1000 = 1.5 (CV = 0,E(n) = 1,500).

Table 4. Comparison of Three Methods for Four Prediction Times for the Pollutants Data. (Numbers
in parentheses denote the estimated standard error)

.
Prediction time

Methods t = 1/3 t = 1/2 t = 1 t = 2

Efron and Thisted (1976) 145.3 (6.9) 204.8 (11.0) 346.0 (34.5) overflow
Boneh et al. (1998) 92.6 (1.9) 124.6 (2.7) 187.2 (4.3) 239.4 (5.8)
Proposed in Equation (2.7)

κ = 5 (γ̂rare = 0.40) 140.1 (6.5) 193.0 (9.7) 303.8 (18.3) 403.9 (30.2)
κ = 10 (γ̂rare = 0.75) 145.7 (6.3) 204.3 (9.4) 337.2 (18.0) 479.6 (31.3)
κ = 15 (γ̂rare = 0.97) 150.1 (6.3) 213.4 (9.3) 365.4 (18.0) 551.1 (32.2)
κ = 20 (γ̂rare = 1.11) 152.5 (6.3) 218.4 (9.3) 382.0 (18.0) 596.2 (32.8)
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Table 5. Simulation Comparison of Three Methods for Four Prediction Times. (Homogeneous Model,
5,000 Trials, D = 777.0)

Prediction Average Average Sample
time True value/methods estimate estimated SE Sample SE RMSE

t = 0.5 True value θ(t ) = 117.7
Efron and Thisted (1976) 117.7 9.4 9.3 9.3
Boneh et al. (1998) 97.7 1.8 2.1 20.1
Proposed in Equation (2.7) κ = 5 118.6 6.5 6.6 6.6

κ = 10 118.5 7.0 7.0 7.0
κ = 15 118.5 7.0 7.0 7.0

t = 1.0 True value θ(t ) = 173.3
Efron and Thisted (1976) 173.1 27.3 27.2 27.2
Boneh et al. (1998) 146.0 3.0 3.2 27.6
Proposed in Equation (2.7) κ = 5 175.5 11.1 11.2 11.4

κ = 10 175.4 12.2 12.3 12.5
κ = 15 175.4 12.2 12.3 12.5

t = 2.0 True value θ(t ) = 212.0
Efron and Thisted (1976) 202.3 284.9 306.7 306.9
Boneh et al. (1998) 185.1 4.1 4.2 27.3
Proposed in Equation (2.7) κ = 5 216.0 15.7 15.8 16.3

κ = 10 215.9 17.9 18.0 18.4
κ = 15 215.9 17.9 18.0 18.4

t = 3.0 True value θ(t ) = 220.7
Efron and Thisted (1976) −12.9 3,933.7 7,738.3 7,741.8
Boneh et al. (1998) 197.4 4.6 4.5 23.7
Proposed in Equation (2.7) κ = 5 225.4 17.2 17.4 18.0

κ = 10 225.3 19.9 20.0 20.5
κ = 15 225.3 19.9 20.0 20.5

Model 2: (Two-class model). There are two classes for (λ1, λ2, . . . , λ1000). Specifically,
λi = 2.0 for i = 1, 2, . . . , 900, and λi = 0.2 for i = 901, 902, . . . , 1,000 (CV =
0.30, E(n) = 1,820).

Model 3: (Gamma model). λi = 1.2ui, where (u1, u2, . . . , u1000) are a random sample
from a gamma density f(u) = βαuα−1 exp(−βu)/Γ(α) with α = 0.5 and β = 1.0
(CV = 1.41, E(n) = 600).

Model 4: (Zipf model). λi = 400/(i + 10), i = 1, 2, . . . , 1,000 (CV = 1.88, E(n) =
1,842).

Model 5: (Zipf-Mandelbrot model). λi = 7200/(i + 20)1.3, i = 1, 2, . . . , 1000 (CV =
2.18, E(n) = 6,695).

For each model, we considered four prediction times (t = 0.5, 1, 2, and 3). For each
prediction time, 5,000 simulated datasets (each included an original sample and four pre-
diction samples) were generated. We recordedD (the number of distinct species discovered
in the initial sample) and calculated U(t) (the number of new species discovered in the
second interval with length t) for each generated dataset. The average of the number of
distinct species found in the original sample, D, is given in the table title for each model.
The average value of U(t) over 5,000 trials is almost identical to the theoretical value (i.e.,
θ(t)); thus only the latter is shown. The following three predictors and their asymptotic SE
were computed: the predictors suggested by Efron and Thisted (1976), Boneh et al. (1998),
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Table 6. Simulation Comparison of Three Methods for Four Prediction Times. (Two-Class Model, 5,000
Trials, D = 796.3)

Prediction Average Average Sample
time True value/methods estimate estimated SE Sample SE RMSE

t = 0.5 True value θ(t ) = 84.8
Efron and Thisted (1976) 85.0 8.7 8.7 8.7
Boneh et al. (1998) 88.8 1.7 2.0 4.5
Proposed in Equation (2.7) κ = 5 84.5 5.3 5.4 5.4

κ = 10 84.1 6.0 6.0 6.1
κ = 15 84.1 6.0 6.0 6.1

t = 1.0 True value θ(t ) = 120.2
Efron and Thisted (1976) 120.8 27.9 27.8 27.9
Boneh et al. (1998) 132.0 2.7 3.0 12.2
Proposed in Equation (2.7) κ = 5 117.6 8.2 8.3 8.7

κ = 10 116.9 9.8 9.9 10.4
κ = 15 116.9 9.8 9.9 10.4

t = 2.0 True value θ(t ) = 146.6
Efron and Thisted (1976) 149.6 534.3 576.4 576.4
Boneh et al. (1998) 166.6 3.8 3.8 20.4
Proposed in Equation (2.7) κ = 5 135.7 10.4 10.5 15.1

κ = 10 134.6 13.0 13.1 17.7
κ = 15 134.6 13.0 13.1 17.7

t = 3.0 True value θ(t ) = 158.4
Efron and Thisted (1976) −82.4 12,831.6 28,582.6 28,583.6
Boneh et al. (1998) 177.3 4.2 4.0 19.3
Proposed in Equation (2.7) κ = 5 138.5 10.8 10.9 22.7

κ = 10 137.3 13.7 13.8 25.2
κ = 15 137.4 13.8 13.9 25.2

and the proposed predictor (κ = 5, 10, and 15). The resulting 5,000 estimates as well as their
estimated SE were averaged to give the results “Average estimate” and “Average estimated
SE” in Tables 5–9. Also, the sample SE and sample root mean squared errors (RMSE) for
each estimator are shown.

We first note the effect of the cut-off point on our prediction results. Based on Tables 5–
9 and other (unreported) simulation results for κ between 5 and 15, the effect is small when
the CV is relatively low as in the first two models (Tables 5 and 6). A low CV means smaller
variation among discovery rates, so all the expected frequencies tend to be concentrated in a
narrow range. Thus, almost no difficulty arises in separating common and rare species. For
the other three models (Tables 7–9), a relatively large CV implies long-tail frequency data
and some species are hardly detectable; thus our method becomes sensitive to the choice
of the cut-off point. The effect is limited when the prediction interval is shorter than the
original one (t < 1), as also noted in the data analyses. However, the cut-off point has
substantial effect for predicting a longer interval (t ≥ 1) in the case of strong heterogeneity.
In the Zipf and Zipf-Mandelbrot models, our method underestimates for κ = 5 whereas it
overestimates for κ = 15. This is also a reason for our proposal of setting κ = 10.

For comparisons of the three approaches, we have concluded the following separately
for two cases:
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Table 7. Simulation Comparison of Three Methods for Four Prediction Times. (Gamma Model, 5,000
Trials, D = 325.9)

Prediction Average Average Sample
time True value/methods estimate estimated SE Sample SE RMSE

t = 0.5 True value θ(t ) = 76.6
Efron and Thisted (1976) 76.8 6.4 6.7 6.7
Boneh et al. (1998) 42.7 1.5 2.1 33.9
Proposed in Equation (2.7) κ = 5 74.6 5.8 6.2 6.5

κ = 10 76.8 5.8 6.2 6.2
κ = 15 77.1 5.8 6.2 6.2

t = 1.0 True value θ(t ) = 131.9
Efron and Thisted (1976) 132.4 17.2 17.6 17.6
Boneh et al. (1998) 64.6 2.5 3.3 67.4
Proposed in Equation (2.7) κ = 5 122.6 11.6 12.0 15.2

κ = 10 129.5 11.6 12.2 12.5
κ = 15 130.5 11.7 12.3 12.4

t = 2.0 True value θ(t ) = 208.0
Efron and Thisted (1976) 547.2 5,297.3 48,365.2 48,366.3
Boneh et al. (1998) 83.1 3.4 4.3 124.9
Proposed in Equation (2.7) κ = 5 173.8 20.8 21.5 40.4

κ = 10 190.7 21.8 22.5 28.4
κ = 15 193.5 22.2 23.1 27.2

t = 3.0 True value θ(t ) = 258.9
Efron and Thisted (1976) −4.3 × 107 9.2× 107 4.2× 109 4.2× 109

Boneh et al. (1998) 89.3 3.7 4.7 169.7
Proposed in Equation (2.7) κ = 5 194.8 26.6 27.4 69.7

κ = 10 219.2 28.9 29.8 49.6
κ = 15 223.6 29.8 31.1 47.1

1. When the prediction sample is not larger than the original one (i.e., t ≤ 1): In this
situation, the method proposed by Efron and Thisted (1976) works well. Our prediction
results for κ = 10 are very close to their estimates. The proposed estimator is slightly
biased but has less variation whereas Efron and Thisted’s estimator is unbiased but has
larger variation. Overall, our predictor has smaller RMSE in all cases. Both methods are
generally preferable to the method of Boneh et al. (1998) except for the two-class model.

2. When the prediction sample is larger than the original one (i.e., t > 1): In the
prediction for a larger prediction sample, the estimator suggested by Efron and Thisted
(1976) could become either negative or extremely large. In such cases, the standard errors
are unboundedly large. The other two estimators are free of the above erratic behavior
associated with Efron and Thisted’s estimator. Although the predictor suggested by Boneh
et al. (1998) performs satisfactorily in the two-class model, it is severely biased downwards
in the other models. Comparing all the estimates with the true values, we see that the
estimator of Boneh et al. (1998) for our cases does not seem to increase at an anticipated
rate as t is increased. The proposed new method appears to be promisingly useful for
predicting a larger survey as well.

As expected, the performance of our estimator deteriorates as the prediction time inter-
val is increased except for a homogeneous population. In some models (the homogeneous,
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Table 8. Simulation Comparison of Three Methods for Four Prediction Times. (Zipf’s Model, 5,000
Trials, D = 603.3)

Prediction Average Average Sample
time True value/methods estimate estimated SE Sample SE RMSE

t = 0.5 True value θ(t ) = 114.5
Efron and Thisted (1976) 114.5 8.2 8.0 8.0
Boneh et al. (1998) 69.2 2.0 2.2 45.3
Proposed in Equation (2.7) κ = 5 111.2 7.3 7.0 7.7

κ = 10 118.0 7.1 6.8 7.7
κ = 15 122.4 7.1 6.8 10.4

t = 1.0 True value θ(t) = 190.8
Efron and Thisted (1976) 190.5 23.8 23.5 23.5
Boneh et al. (1998) 104.2 3.1 3.4 86.7
Proposed in Equation (2.7) κ = 5 178.3 14.1 13.6 18.5

κ = 10 199.1 13.9 13.3 15.7
κ = 15 212.9 13.9 13.3 25.7

t = 2.0 True value θ(t ) = 282.1
Efron and Thisted (1976) 2.8 × 1014 4.8 × 1014 1.2 × 1016 1.2 × 1016

Boneh et al. (1998) 133.5 4.3 4.5 148.7
Proposed in Equation (2.7) κ = 5 242.9 24.0 23.4 45.7

κ = 10 292.3 25.1 24.2 26.3
κ = 15 328.9 26.2 24.9 53.0

t = 3.0 True value θ(t ) = 330.5
Efron and Thisted (1976) 1.6 × 1025 3.6 × 1025 1.9 × 1027 1.9 × 1027

Boneh et al. (1998) 143.2 4.7 4.9 187.3
Proposed in Equation (2.7) κ = 5 266.5 29.4 28.7 70.2

κ = 10 335.8 32.7 31.3 31.8
κ = 15 392.1 35.6 33.3 70.1

Zipf, and Zipf-Mandelbrot models), our method for a cut-off value of 10 produces reason-
able results even for the prediction of a long interval three times the original sample. For
the other two models, however, when the prediction sample time is longer than the initial
sample, our approach might result in severe bias, although it is still superior to the others.
This is a common limitation for making inferences over a very long prospective time.

The variance formula in Equation (2.13) produces satisfactory estimates for our pro-
posed estimator because in all cases the estimated standard error is very close to the sample
standard error. The estimated standard error can be subsequently used to construct an asso-
ciated confidence interval.

5. CONCLUSION AND DISCUSSION

This article proposes a new approach to predicting the number of new species in further
sampling. The new predictor maintains the desirable properties of the theoretical prediction
function. Our predictor generally improves the existing methods based on a simulation study
for various models with heterogeneous species discovery rates.

Our proposed method only requires the lower order frequency counts (f1, f2, . . . , fκ),
where κ is a cut-off point dividing the species into two groups (common and rare). Other
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Table 9. Simulation Comparison of Three Methods for Four Prediction Times. (Zipf-Mandelbrot Model,
5,000 Trials, D = 848.7)

Prediction Average Average Sample
time True value/methods estimate estimated SE Sample SE RMSE

t = 0.5 True value θ(t ) = 72.8
Efron and Thisted (1976) 72.8 7.7 7.6 7.6
Boneh et al. (1998) 66.0 1.8 1.8 7.0
Proposed in Equation (2.7) κ = 5 67.7 5.7 5.4 7.4

κ = 10 75.5 5.7 5.4 6.0
κ = 15 80.7 5.8 5.4 9.5

t = 1.0 True value θ(t ) = 108.7
Efron and Thisted (1976) 108.1 28.9 29.2 29.3
Boneh et al. (1998) 98.0 2.9 2.8 11.1
Proposed in Equation (2.7) κ = 5 94.2 9.4 8.8 17.0

κ = 10 113.3 10.0 9.2 10.3
κ = 15 127.7 10.3 9.4 21.2

t = 2.0 True value θ(t ) = 137.8
Efron and Thisted (1976) 4.1 × 1052 4.1× 1052 2.8× 1054 2.8× 1054

Boneh et al. (1998) 123.9 3.9 3.5 14.4
Proposed in Equation (2.7) κ = 5 109.0 12.5 12.0 31.2

κ = 10 142.4 14.5 13.5 14.3
κ = 15 171.8 16.1 14.6 37.0

t = 3.0 True value θ(t ) = 146.8
Efron and Thisted (1976) −1.5 × 1084 1.5 × 1084 8.8 × 1085 8.8 × 1085

Boneh et al. (1998) 131.8 4.3 3.7 15.5
Proposed in Equation (2.7) κ = 5 111.5 13.3 12.6 37.5

κ = 10 150.0 16.3 14.9 15.2
κ = 15 187.2 18.8 16.8 43.8

estimators require all frequencies. As discussed in Section 2 and simulations, high order
frequencies (fκ+1, fκ+2, . . .) have almost no effect on the predicted number of new species
in a second survey. Hence an advantage of our method is that the exact frequencies for
relatively common species are not necessary; this implies that ecologists and biologists do
not need to expend efforts on recording the exact frequencies of those relatively common
species once they have been encountered a sufficient number of times in the sample. How-
ever, a practical data-dependent guideline about how large is “sufficient,” that is, the choice
of the cut-off, is still unclear to us and should be studied more. From the numerical results
in Sections 3 and 4, we see that this cut-off problem arises mainly in predicting a longer
interval for highly heterogeneous communities. In such cases, it is suggested that several
cut-off values should be considered and the behavior of the estimates be examined.

A current area of research involves extending the method to the prediction based on
presence/absence data. In some biological surveys, counting the exact number of individuals
up to the cut-off value may become impossible (e.g., in plant communities where trees are
densely distributed), presence/absence data are often collected for each species over several
quadrats or sampling points. It would be useful if a similar predictor can be derived based
on incidence counts.

Because of the analogy between populations and communities, the proposed method
can also be applied to sampling individuals of a single species. In population-level stud-
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ies, each individual can be regarded as a species and data consist of individual capture
frequencies. Tagging or marking is generally needed to distinguish individuals caught in
the sampling process. Using the proposed method, we can predict the number of new in-
dividuals that will be found in additional sampling occasions. Similarly, we can apply the
proposed method to estimate the number of undiscovered genes or alleles based on fre-
quency counts (Huang and Weir 2001) and to predict undercount in surveillance records
(Bunge and Fitzpatrick 1993).

The computer program SPADE (Species Prediction And Diversity Estimation), written
in C language, that calculates all estimates discussed in this article and some diversity
indices is available upon request and is freely downloadable at the first author’s Web site at
http://chao.stat.nthu.edu.tw/.

APPENDIX: PROOF OF EQUATION (2.10)

Based on Equation (2.3), we can write

E(f0) =
S∑

i=1

e−λi =
S∑

i=1

(λie
−λi)/λi = E

S∑
i=1

I[Xi = 1]/λi. (A.1)

Note that the last summation in (A.1) represents the total of the inverse rates associated
with the species which appeared only once in the sample (i.e., singletons). If all single-
tons have identical discovery rates (Poisson rates) in the community and we denote this
common rate by α1, then E(f0) ≈ E(f1/α1) as a result of (A.1). Assuming a uniform
prior, Good (1953) and Engen (1978, p. 31–32) used an empirical Bayes argument and
concluded that the (posterior) rate of a species, given it was encountered k times in the
sample, is approximately equal to (k+1)E(fk+1)/E(fk). In particular, all singletons have
an approximate discovery rate of 2E(f2)/E(f1). Substituting α1 ≈ 2E(f2)/E(f1) into
the formula E(f0) ≈ E(f1/α1), we obtain E(f0) ≈ [E(f1)]2/[2E(f2)]. Consequently,
Equation (2.10) is valid for k = 2.

We now prove that Equation (2.10) is also valid for any k > 2 by a mathematical
induction. A generalized form for Equation (A.1) is given by

E(f0) =
S∑

i=1

e−λi =
S∑

i=1

k!

λk
i

λk
i e

−λi

k!
= E

S∑
i=1

k!

λk
i

I[Xi = k]. (A.2)

A similar derivation parallel to that for k = 2 follows. Assume those species represented
k times have equal rates and denote this common rate by αk. Then Equation (A.2) implies
that E(f0) ≈ E(k!fk/α

k
k). Using Good’s (1953) result, as discussed earlier, we have

αk ≈ (k + 1)E(fk+1)/E(fk) and the following formula

E(f0) ≈ k!E(fk)[E(fk)]k/{(k + 1)k[E(fk+1)]k}. (A.3)

If Equation (2.10) is valid for k, then E(fk) in (A.3) can be replaced by [E(f1)]k

/{k![E(f0)]k−1}. Then it is seen that Equation (2.10) also holds for k + 1.

http://chao.stat.nthu.edu.tw/
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