
1286  |   wileyonlinelibrary.com/journal/mee3 Methods Ecol Evol. 2019;10:1286–1297.© 2019 The Authors. Methods in Ecology and 
Evolution © 2019 British Ecological Society

 

Received: 28 February 2018  |  Accepted: 14 May 2019

DOI: 10.1111/2041-210X.13233  

R E S E A R C H  A R T I C L E

Comparing two classes of alpha diversities and their 
corresponding beta and (dis)similarity measures, with an 
application to the Formosan sika deer Cervus nippon taiouanus 
reintroduction programme

Anne Chao1  |   Chun‐Huo Chiu2 |   Shu‐Hui Wu3,4 |   Chun‐Lin Huang5 |   Yi‐Ching Lin6

1Institute of Statistics, National Tsing Hua University, Hsin-Chu, Taiwan; 2Department of Agronomy, National Taiwan University, Taipei, Taiwan; 3Department 
of Biological Sciences, National Sun Yat-sen University, Kaohsiung, Taiwan; 4Taiwan Forestry Research Institute, Council of Agriculture, Executive Yuan, 
Taiwan; 5Laboratory of Molecular Phylogenetics, Department of Biology, National Museum of Natural Science, Taichung, Taiwan and 6Department of Life 
Science, Tunghai University, Taichung, Taiwan

Correspondence
Anne Chao
Email: chao@stat.nthu.edu.tw

Funding information
Ministry of Science and Technology, Taiwan, 
Grant/Award Number: 106-2628-M007-01

Handling Editor: Ryan Chisholm

Abstract
1. Diversity partitioning, which decomposes gamma diversity into alpha and beta 

components, is commonly used to obtain measures that quantify spatial/tempo-
ral diversity and compositional similarity or dissimilarity among assemblages. We 
focus on the decomposition of diversity as measured by Hill numbers (parameter-
ized by a diversity order q ≥ 0).

2. At least three diversity-partitioning schemes based on Hill numbers have been 
proposed. These schemes differ in the way they formulate alpha diversity. We 
focus on comparing two classes of alpha diversities, developed, respectively, by 
Routledge (1979) and Chiu et al. (2014). Both are defined for all diversity orders 
q ≥ 0. Because these two approaches to quantifying alpha have not been com-
pared in the literature; it has been unclear how to choose a proper alpha formula-
tion for practical applications.

3. We review the two classes of alpha diversities and discuss the properties of 
their corresponding beta and (dis)similarity measures. Our research offers clear 
guidelines regarding the choice of an alpha formula: (a) If the goal is to assess 
compositional (dis)similarity among (unweighted) species relative abundance data-
sets, then the two alpha formulas are identical, leading to the same beta and (dis)
similarity measures. (b) If the goal is to assess compositional (dis)similarity among 
(unweighted) species raw abundance datasets, then Chiu et al.’s approach should 
be used. Their beta can be monotonically transformed to various (dis)similarity 
measures in the range [0, 1]. (c) If each assemblage is weighted by its absolute, 
total abundance (i.e. assemblage size), but the goal is to assess compositional (dis)
similarity among species relative abundance datasets, then Routledge’s approach 
should be used. In this case, construction of legitimate (dis)similarity measures 
among species relative abundance datasets for unequal assemblage sizes/weights, 
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1  | INTRODUC TION

The assessment of compositional similarity or dissimilarity in spe-
cies abundance distributions among a set of assemblages over a 
geographical area, across a time period, or along an environmental 
gradient, is an active research focus in ecology (Anderson et al., 
2011; Chao, Chiu, & Jost, 2014; Gregorius, 2010, 2016; Jost, 2007; 
Tuomisto, 2010; Whittaker, 1960, 1972). Diversity partitioning, 
which decomposes the species diversity of a pooled assemblage 
(gamma diversity) into its mean-diversity component (alpha diver-
sity) and between-assemblage component (beta diversity), is com-
monly used to obtain (dis)similarity measures. Until fairly recently, 
how to quantify biodiversity was one of the most controversial is-
sues in ecology (Magurran & McGill, 2011). Surprisingly, since an 
Ecology forum (Ellison, 2010 and the papers following it) and a series 
of papers in Oecologia (Moreno & Rodríguez, 2010 and subsequent 
commentaries), a consensus seems to have emerged about the use 
of Hill numbers, that is, the effective number of species (Hill, 1973), 
as the diversity measure of choice for quantifying species diversity 
and its decomposition. Hill numbers are parameterized by a diver-
sity order, q, a number that determines the measures’ sensitivity to 
species relative abundances. The formulas for Hill numbers of order 
q ≥ 0 are given in Equations (1a) and (1b) in the next section. We 
focus on the decomposition of Hill numbers, as these indices have 
mathematical properties that directly support biological reasoning 
about diversity.

At least three partitioning schemes based on Hill numbers have 
been proposed in the literature that differ in their formulations of 
alpha diversity. Routledge (1979), Jost (2007) and Chiu, Jost, and 
Chao (2014) each developed an alpha formula. A key criterion in dis-
tinguishing among these formulations is the notion of assemblage‐
weighting. If assemblages being compared are assumed or specified 
to play equal roles in diversity decomposition, they are considered 
unweighted. In contrast, if some variables (e.g. total absolute abun-
dance or sampling effort) are used to adjust the impact of each as-
semblage, they are referred to as weighted.

For unequal assemblage weights, Jost (2007) recommended the 
use of his alpha only for q = 0 and 1, as otherwise (for q ≠ 0, 1) his 

alpha may be greater than gamma. For q = 0 and 1, Jost's alpha is, 
respectively, identical to Chiu et al.’s alpha (q = 0) and Routledge's 
alpha (q = 1); we thus mainly focus on comparing Routledge's and 
Chiu et al.’s alpha/beta formulas. Both of these formula classes are 
defined for all diversity orders q ≥ 0 satisfy the property that gamma 
is never less than alpha, and incorporate Jost's two alphas (q = 0 
and q = 1) as special cases. Until now, however, these two classes of 
alpha formulas have not been compared in the literature. In partic-
ular, the differences among the properties of the respective alpha/
beta measures and their corresponding (dis)similarity measures have 
not been made clear. From a practical standpoint, it is also unclear 
how to choose a proper alpha formula in real-world applications. We 
attempt to adequately address each of these issues in the current 
paper.

Here we first review the decompositions developed, respectively, 
by Routledge (1979) and Chiu et al. (2014). We show that the two 
decompositions based on species relative (proportional) abundance 
datasets are identical. Thus, if the goal is to assess compositional 
(dis)similarity among species relative abundance datasets, the choice 
of which alpha diversity to use is arbitrary. However, these two par-
titioning schemes differ when applied to raw/absolute abundance 
data with different assemblage sizes (i.e. different total abundances). 
(If assemblage sizes are identical, then the two decompositions re-
duce to those based on species relative abundances, and thus, no 
difference would arise.) Therefore, to highlight the differences, we 
focus primarily on comparing the two decompositions for raw abun-
dance data with unequal assemblage sizes, unless otherwise stated.

In both Routledge's and Chiu et al.’s decompositions, gamma di-
versity is defined as the diversity of the entire, pooled assemblage, 
and only information on species identity is involved. Gamma diver-
sities for the two decompositions are identical and unequivocal. 
For alpha diversity, each individual is associated with two classifi-
cations, namely species identity and assemblage affiliation. Thus, 
a two-dimensional table of species-by-assemblage data and the 
corresponding joint abundance distribution of species-assemblage 
combinations are available. A basic difference in formulating alpha 
diversity between the two decompositions lies in the way they use 
the two-way classification data.

for any order q ≥ 0, has not been addressed in the literature. Here we propose non-
monotonic transformations of Routledge’s beta to fill this gap.

4. The extension of our analysis to phylogenetic diversity partitioning is generally 
parallel. We apply various species/taxonomic and phylogenetic dissimilarity meas-
ures to Taiwan’s plant data; the results provide insights into the assessment of 
a reintroduction programme of Formosan sika deer into a forest area. Pertinent 
sampling and related issues are also discussed.
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Chiu et al.’s (2014) decomposition is an unweighted approach. 
Their alpha is based on the two-dimensional, species-assemblage 
combinations. That is, a joint diversity for species-assemblage joint 
abundance distribution is first calculated, and alpha diversity is for-
mulated as the mean joint diversity or the effective number of spe-
cies-assemblage combinations per actual assemblage. Chao and Chiu 
(2016) showed that this unweighted approach can be used to bridge 
two major approaches to beta diversity, that is, variance-based 
framework (e.g. Legendre & De Cáceres, 2013) and diversity decom-
position; they proved that both approaches converge to the same 
classes of compositional (dis)similarity measures.

In contrast, Routledge's alpha follows a conventional formulation. 
Diversity is first calculated for each assemblage separately, based on 
species relative abundances within each assemblage, then alpha di-
versity is expressed as an assemblage-size-weighted mean of these 
individual assemblage diversities. That is, Routledge's alpha mainly 
focuses on within-assemblage relative abundance data, with each 
assemblage weighted by its size (i.e. total abundance). Throughout 
the paper, when referring to Routledge's formulation, we assume 
that each assemblage is weighted by its relative size (as originally 
proposed by Routledge), unless otherwise stated. Since Chiu et al.’s 
framework is an unweighted approach, assemblage weights refer to 
those used in Routledge's formulation.

In what follows, we discuss the interpretations and properties of 
the two alpha formulas and their corresponding multiplicative beta 
diversities. We show that, while the corresponding multiplicative 
beta diversities share several properties, some important differ-
ences exist. We also discuss the consequences and implications of 
the major differences.

Another principal difference between the two frameworks lies 
in the corresponding (dis)similarity measures. When there are N as-
semblages, Chiu et al.’s beta is always in the fixed range [1, N] for any 
q ≥ 0 and thus can be transformed to various (dis)similarity measures 
in the range [0, 1] via monotonic transformations. The transformed 
beta measures quantify the compositional dissimilarity among raw 
abundance datasets. By contrast, until now, no proper proposals 
have been put forward for constructing legitimate (dis)similarity 
measures based on Routledge's beta, in the case of unequal assem-
blage sizes/weights for any q ≥ 0 (but see Horn 1966 and Gaggiotti et 
al., 2018 for measures in the special case of q = 1). Thus, in the past, 
ecologists could only consider a class of equal-weight dissimilarity 
measures based on Routledge's beta, due to the lack of development 
of proper, assemblage-size-weighted dissimilarity measures for any 
q ≥ 0. Here we fill this gap by proposing non‐monotonic transforma-
tions of Routledge's beta to obtain (dis)similarity measures in the 
range of [0, 1] for any q ≥ 0. The transformed measures quantify the 
compositional dissimilarity among species relative abundance data-
sets for size-weighted assemblages.

Our investigations lead to clear guidelines regarding the choice 
of an alpha formula, thus potentially removing ambiguity and con-
fusion about the two alpha formulas. The extension of our analysis 
to the case of phylogenetic diversity portioning is generally direct 
and parallel. We apply various species/taxonomic and phylogenetic 

dissimilarity measures derived from the two beta formulas discussed 
here, to compare species abundances of woody plants between the 
2008 and 2013 censuses in the Kenting Karst Forest Dynamics Plot, 
Taiwan. Our data analysis demonstrates that different compositional 
dissimilarity measures quantify different aspects of resemblance 
and provide helpful information in the assessment of a reintroduc-
tion programme of the Formosan sika deer Cervus nippon taiouanus 
into the area.

2  | MATERIAL S AND METHODS

2.1 | Hill numbers in a single assemblage

For a single assemblage with S species and species relative abun-
dances {p1, p2,…, ps}, Hill (1973) integrated species richness and spe-
cies relative abundances into a class of diversity measures, later 
called Hill numbers. The Hill number of order q is expressed as.

The Hill number of order q = 1 is defined as the limit of qD as q tends 
to 1; this limit is the exponential of Shannon entropy:

See Chao et al. (2014) for the major advantages of using Hill num-
bers to quantify species diversity and a generalization to a unified 
framework that can incorporate species phylogeny and functional 
diversity.

2.2 | Multiple assemblages

We mainly follow the notation used in Chao et al. (2014). Assume 
that there are N assemblages, with S species indexed by 1, 2,…, S in 
the pooled assemblage. Let [zik] ≥ 0 be an S × N composition matrix 
or abundance data matrix:

Depending on the research goal, the abundance data zik can be any 
measure of species importance (Chiu et al., 2014) including species 
raw/absolute abundance, within-assemblage relative abundance, 
biomass, spatial coverage of corals, or basal area of plants. As indi-
cated in the Introduction and as will be shown in COMPARISON 1 
of the Comparisons section, when the research goal is to assess the 
compositional (dis)similarity among species relative abundances 
datasets (by letting zik represent within-assemblage species rela‐
tive or proportional abundance), Routledge's and Chiu et al.’s de-
compositions are identical. Therefore, for clarity of presentation 

(1a)qD=

(
S∑
i=1

p
q
i

)1∕(1−q)

, q≠1.

(1b)1D= lim
q→1

qD=exp

(
−

S∑
i=1

pi log pi

)
.

(2a)[zik]=

⎡⎢⎢⎢⎢⎢⎢⎣

z11 z12 ... z1N

z21 . ... .

. . ... .

zS1 zS2 ... zSN

⎤⎥⎥⎥⎥⎥⎥⎦

.
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and explanation, we let zik represent species raw or absolute abun‐
dance (i.e. number of individuals or any abundance entities) of the 
ith species in the kth assemblage, although all of the following for-
mulas and derivations can be applied to any general abundance 
measure.

Let zi+ =
∑N

k=1
zik be the total abundance of the ith species in the 

pooled assemblage. Define z+k=
∑S

i=1
zik as the size of the kth assem-

blage and z++ =
∑N

k=1

∑S

i=1
zik as the total abundance of the matrix [zik]. 

The within-assemblage relative abundance of the ith species in the 
kth assemblage is expressed as pik= zik∕z+k. Note that any abundance 
zik and zi + can be, respectively, expressed as:

where wk= z+k∕z++ denotes the proportional assemblage size/weight 
of the kth assemblage. We refer to the weights {w1, w2,…, wN} as “rel‐
ative‐size‐weights” or simply “size weights”. Equation (2b) reveals that 
direct pooling over N datasets of raw abundances in an unweighted 
approach is equivalent to a size-weighted pooling over the N data-
sets of within‐assemblage relative abundances.

2.3 | Gamma diversity

Gamma diversity, defined as the diversity of the entire assem-
blage, requires only information about species identification/
classification for each individual; assemblage affiliation is not 
involved. To compute gamma diversity based on the abundance 
matrix [zik] (Equation 2a), species abundances are directly pooled 
over assemblages. Thus, the total abundance of species i becomes 
zi+ in the entire assemblage with relative abundance zi+/z++. Gamma 
diversity is thus the Hill numbers based on the species relative 
abundances {zi+ /z++; i = 1, 2,…, S}. It follows from Equation (2b) that 
zi+∕z++ =

∑N

k=1
zik∕z++ =

∑N

k=1
wkpik, leading to the following formula 

for gamma diversity of order q:

Gamma diversity is interpreted as the effective number of species in 
the entire assemblage. Equations (2b) and (3) reveal that gamma diver-
sities based, respectively, on (unweighted) raw abundances (in Chiu et 
al.’s framework) and size-weighted relative abundances (in Routledge's 
framework) are identical, and only information about species classifica-
tion is needed. Note that in Equation (3), any assemblage must be size-
weighted in Routledge's approach; otherwise, the resulting diversity in 
the entire assemblage does not conform to the unequivocal definition 
of gamma diversity, see the Discussion section for the general case of 
arbitrarily specified assemblage weights.

2.4 | Routledge's (1979) alpha formula

Based on the species within-assemblage relative abundances 
(p1k,p2k ,...,pSk), the diversity of order q for the kth assemblage, is 

qDk=
�∑S

i=1
p
q

ik

�1∕(1−q)

,k = 1,2, ...,N. Routledge's (1979) alpha formula 

is expressed as a size-weighted generalized mean of the within-as-
semblage diversities:

Here the subindex “R” refers to Routledge's approach. Since the di-
versity (Hill numbers) of an individual assemblage is a function of 
species within-assemblage relative abundances, two assemblages 
with the same relative abundances are treated as identical in formu-
lating Routledge's alpha diversity, although they may be given differ-
ent weights due to different total abundances.

For example, assume the abundance datasets for Assemblages 
I and II, both consisting of two species, are (x1, x2) and (y1, y2) re-
spectively. Noting that between-assemblage species composi-
tional-overlap information is not relevant for alpha diversity, we 
denote this set of two assemblages as {(x1,x2), (y1,y2)}. Consider 
the following three sets of two assemblages: (i) {(2, 8), (2, 8)}, (ii) 
{(2, 8), (20,80)} and (iii) {(2, 8), (200,800)} within each set, the two 
within-assemblage diversities are Hill numbers based on the same 
species relative abundance set (0.2, 0.8), whereas the assemblage 
sizes are different across the three sets. Based on Equation (4), 
Routledge's alpha values for the three sets are exactly the same, that 
is, q�R=

qD1=
qD2=

(
(0.2)q+ (0.8)q

)1∕(1−q)
, regardless of assemblage 

weights. Then, for all three sets, we have Routledge's alpha values of 
1.65 for q = 1 and 1.47 for q = 2.

The above example clearly demonstrates an important property 
of Routledge's alpha: if all the within-assemblage diversity values are 
X, then Routledge's alpha diversity is X, regardless of assemblage 
sizes. Although the assemblage sizes/weights contain the informa-
tion about absolute abundances, these sizes do not play any role 
in the calculation when within-assemblage diversities are identical. 
Thus, the three assemblages (2, 8), (20,80) and (200,800) are treated 
as being identical in formulating Routledge's alpha diversity in terms 
of species relative abundances, implying that variation in raw abun-
dance between assemblages cannot be reflected by assemblage size.

More generally, when within-assemblage diversities are not iden-
tical, although assemblage sizes/weights appear in the alpha formula 
(Equation 4), they represent the total raw abundances of each as-
semblage and do not convey the differences in individual species raw 
abundances among assemblages. Therefore, if the goal is to assess 
compositional dissimilarity among species raw abundance datasets, 
then Routledge's framework cannot be applied to derive legitimate 
(dis)similarity measures. Only a framework based on a two-dimen-
sional species-assemblage joint table can take into account species 
absolute abundances among assemblages and achieve the goal.

2.5 | Chiu et al.’s (2014) alpha formula

Based on joint information about species-assemblage classifications, 
Chiu et al. considered a two-dimensional S × N species-assemblage 
joint table in which the relative abundance for the combination of 

(2b)zik= z++

(
z+k

z++

)(
zik

z+k

)
≡ z++wkpik, zi+ = z++

N∑
k=1

wkpik,

(3)q� =

�
S�
i=1

�
zi+

z++

�q
�1∕(1−q)

=

⎧⎪⎨⎪⎩

S�
i=1

�
N�
k=1

wkpik

�q⎫⎪⎬⎪⎭

1∕(1−q)

, q≠1.

(4)q�R=

(
S∑
i=1

N∑
k=1

wkp
q

ik

)1∕(1−q)

=

(
N∑
k=1

w
k
(qDk)

1−q

)1∕(1−q)

, q≠1.
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species i and assemblage k is zik∕z++ =wkpik (see Equation 2b), as 
shown below.

The joint (species-assemblage) diversity, a term first defined by 
Gregorius (2010), is defined as the effective number of species-
assemblage combinations, that is, the Hill numbers based on 
the joint species-assemblage relative abundance distribution in 
Equation (5a):

Here among-assemblage species compositional-overlap information 
is not relevant for the joint diversity. Chiu et al. (2014) proposed the 
following alpha formula in terms of mean joint diversity:

The subindex “C” in the above formula refers to Chiu et al.’s ap-
proach. Although Chiu et al.’s framework is an unweighted approach, 
Equation (2b) implies that their alpha (Equation 5c) and gamma 
(Equation 3) based on raw abundances can be expressed as func-
tions of the size-weighted species relative abundances. Chiu et al.’s 
alpha diversity quantifies the effective number of species-assem-
blage combinations per actual assemblage. This alpha diversity can 
also be interpreted as the “effective” number of species per actual 
assemblage in terms of the following specific sense of “effective”: If 
N assemblages with abundance matrix [zik] have an alpha diversity of 
A based on Chiu et al.’s formula, it means that the alpha diversity of 
these actual assemblages is the same as the alpha diversity of N ref-
erence assemblages each with A species and a constant abundance 
a = z++∕(AN) for each species, see Chiu et al. (2014) for details.

For a raw abundance matrix [zik] with unequal assemblage sizes, 
Chiu et al.’s formula is no longer expressed as a generalized mean 
of individual-assemblage diversities. Because their approach is fo-
cused on species-assemblage joint data, rather than within-assem-
blage data, Chiu et al.’s alpha satisfies the property that “when all 
assemblages have identical diversity X and all assemblages have 
equal sizes (i.e. equal total abundances), then alpha diversity is equal 
to X”. For instance, in the second set of the two-assemblage example 
above, where the abundance set for two species in Assemblage I is 
(2, 8) and in Assemblage II is (20, 80), the joint diversity is computed 
as the Hill numbers based on the relative abundance set with four 
species-assemblage combinations {2∕110,8∕110,20∕110,80∕110}, 
or equivalently, based on raw abundances {2,8,20,80}. The 
two assemblages in a joint table can be distinguished as having 

different raw abundance datasets, that is (2, 8) and (20,80), respec-
tively. Consequently, the differences between assemblages, in terms 
of raw abundances, can be compared in Chiu et al.’s diversity cal-
culation, but not in Routledge's approach. Chiu et al.’s alpha diver-
sity values for the three sets of two assemblages: (i) {(2, 8), (2, 8)}, (ii) 
{(2, 8), (20,80)} and (iii) {(2, 8), (200,800)} described above are thus 
different; the alpha values for the three sets are respectively 1.65, 
1.12, 0.87 (for q = 1) and 1.47, 0.88, 0.75 (for q = 2). More examples 
are described in COMPARISON 5 of the next section.

2.6 | Comparisons

Based on the common gamma (Equation 3) and the two alpha formu-
las (Equations 4 and 5c), Chiu et al.’s beta is denoted as q�C= q�∕q�C 
and Routledge's beta is denoted as q�R= q�∕q�R. We compare below 
some properties of the two decompositions.

(COMPARISON 1) The two alpha formulas produce identical re-
sults when assemblages are equally weighted. Comparing Equations 
(4) and (5c), we see that the two alpha formulas are identical when 
the assemblage weights are equal (i.e. w1= w2= ...=wN=1∕N), re-
gardless of the type of abundance matrix [zik]. The equal-weight case 
arises from comparing the following two special types of data.

(COMPARISON 1a) Comparison of relative abundance data. If 
the goal is to assess compositional (dis)similarity in species relative 
abundances datasets, we can simply let the abundance zik represent 
within-assemblage relative abundance. In this special case, all as-
semblage “sizes” are equal to 1 (i.e. all column sums of the matrix 
[zik] are 1) and thus all assemblages are naturally equally weighted, 
implying that the two decompositions are identical.

(COMPARISON 1b) Comparison of raw abundance data with 
equal assemblage sizes. When zik represents raw abundance and as-
semblage sizes are equal, all assemblages are equally weighted; thus, 
no difference exists between the two decompositions. In this special 
case, decompositions based on species raw abundance data are the 
same as those based on species relative abundance data. However, 
when assemblage sizes are not equal, the two alpha formulas gen-
erally differ. The two classes of alpha and their corresponding beta 
formulas for the special cases q = 0, 1 and 2 are summarized in 
Appendix S1 (Section S1.1) with some details.

(COMPRISON 2) Shared properties. Routledge's and Chiu et al.’s 
decompositions have some shared properties, as stated below.

(COMPRISON 2a) Invariance to measurement units. Hill num-
bers of a single assemblage (Equations 1a and 1b) are invariant to 
measurement units. Both alpha formulas also obey this invariance 
property, that is, each alpha is invariant when each species-assem-
blage raw count is multiplied by any constant. For example, neither 
alpha is changed, whether abundance entities are counted by indi-
viduals or by tens, or whether biomass is measured using kilograms 
or grams. Each of the corresponding betas also possesses this invari-
ance property.

(COMPARISON 2b) Replication principle. Hill numbers of a sin-
gle assemblage obey the replication principle, which requires that, 
if we have N equally diverse, equally large assemblages (i.e. equal 

(5a)[wkpik]=

�
zik

z++

�
=

⎡⎢⎢⎢⎢⎢⎢⎣

w1p11 w2p12 ... wNp1N

w1p21 . ... .

. . ... .

w1pS1 w2pS2 ... wNpSN

⎤⎥⎥⎥⎥⎥⎥⎦

.

(5b)qDjoint=

(
S∑
i=1

N∑
k=1

(zik∕z++)
q

)1∕(1−q)

=

(
S∑
i=1

N∑
k=1

(wkpik)
q
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.
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qDjoint

N
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S∑
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(wkpik)
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total abundances) with no species in common, the diversity of the 
pooled assemblage must be N times the diversity of any individual 
assemblage; here the species abundance distributions among the N 
assemblages are allowed to be different (Chao, Chiu, & Jost, 2010). 
Both alpha diversities also satisfy the replication principle. For ex-
ample, Routledge's alpha will be doubled when the diversity of each 
individual assemblage is doubled. Chiu et al.'s alpha will be doubled 
when the joint diversity is doubled.

(COMPRISON 2c) Gamma is not less than alpha. In Appendix 
S1 (Section S1.2), we prove that both Routledge's alpha and Chiu 
et al.’s alpha are always less than or equal to the gamma diversity 
for all q ≥ 0. We also prove the following: Chiu et al.’s beta = 1 (i.e. 
alpha = gamma) if and only if the assemblages are identical in terms of 
species identity and raw abundance, whereas Routledge's beta = 1 if 
and only if the assemblages are identical in terms of species identity 
and relative abundance. This difference will lead to different inter-
pretations of the resulting beta and (dis)similarity measures.

In addition, both beta formulas for all q ≥ 0 satisfy the invariance 
principle proposed in Jost, Chao, and Chazdon (2011) and Legendre 
and De Cáceres (2013), see Appendix S1 (Section S1.3) for details.

(COMPRISON 3) Differences in the two decompositions. Jost 
(2007) pointed out that an important property of a beta diversity is 
that beta should be “independent” of alpha for all q ≥ 0 The meaning of 
the “independence” of alpha and beta was the subject of a contentious 
debate in an Ecology Forum, see Ellison (2010) and papers following it. 
Chao et al. (2012) suggested the adoption of the term “unrelatedness” 
to replace “independence” as a way to avoid confusion. Chao and Chiu 
(2016) gave two intuitive and understandable criteria to assure the 
unrelatedness of the two measures. These two criteria are as follows: 
(a) The minimum value that one measure can take should be a fixed 
constant, and (b) the maximum value that a measure can take should 
also be a fixed constant, regardless of the value of the other measure. 
Based on these two criteria, we discuss the range of each beta below.

Chiu et al. (2014) proved that their beta is always between the 
minimum value of unity (i.e. alpha = gamma, when all assemblages 
are identical in species identities and raw abundances) and the max-
imum value of N (when N assemblages have no shared species) for 
all q ≥ 0. Thus, Chiu et al.’s beta and alpha are unrelated. This beta 
quantifies the effective number of non-overlapping assemblages 
based on raw abundance datasets. Since the range is [1, N] for all 
q ≥ 0, this beta quantifies pure compositional differentiation among 
raw abundance datasets and can be compared across multiple sets 
of assemblages for a fixed value of N. When the value of N varies 
across studies, proper normalizations are needed to transform this 
beta to dissimilarity measures in [0, 1], see COMPARISON 4.

For Routledge's beta of all q ≥ 0, the minimum of unity is attained 
if and only if the assemblages are identical in terms of species identity 
and relative abundance. However, the maximum value that Routledge's 
beta can attain is not a fixed constant. Given the set of species raw 
abundance vectors of individual assemblages (in which no constraints 
are placed on among-assemblage compositional overlap), the maximum 
value that Routledge's beta can attain, which occurs when the N as-
semblages have no shared species, is expressed in the following form:

where the joint diversity qDjoint is formulated in Equation (5b). 
Equations (6a) and (6b) reveal that the maximum value that 
Routledge's beta can take depends on the ratio of the joint diversity 
and Routledge's alpha of order q; for q = 1, the ratio reduces to the 
Shannon diversity of assemblage sizes/weights, see Appendix S1 
(Section S1.4) for examples and details. Only in the equal-weight 
case can the maximum values q�R, max reduce to the constant N for 
all q ≥ 0. Consequently, when assemblages are not equally weighted, 
Routledge's alpha and beta are related or “dependent”.

Routledge's beta quantifies the effective number of non-over-
lapping assemblages based on species relative abundance data-
sets, with assemblages being size-weighted. However, this beta 
takes on values between the minimum value of unity and the 
maximum value of q�R, max. This maximum value for q ≠ 1 can take 
values > N; examples are given for q = 0, 2 in Appendix S1 (Section 
S1.5).

A number of ecologists who followed other approaches to beta 
diversity (e.g. the variance approach in Legendre & De Cáceres, 2013) 
often regard “beta” diversity and compositional differentiation/dis-
similarity measures as equivalent. Therefore, as also discussed in 
Gregorius (2010, 2014), it is important to see why Routledge's beta 
cannot be used to properly quantify differentiation among assem-
blages. Note that if the size of one assemblage dominates the others 
so that one assemblage weight tends to unity, whereas the other 
weights almost vanish, then the maximum beta value q�R, max tends 
to unity; Routledge's beta thus necessarily approaches unity due to 
one dominant assemblage, regardless of species compositional over-
lap. In this case, two identical assemblages and two assemblages 
without species in common can both yield close-to-unity values for 
Routledge's beta. This leads to ambiguity in interpreting Routledge's 
beta to reflect differentiation among assemblages, signifying that 
Routledge's beta fails to quantify compositional differentiation, see 
Discussion for more elaboration.

From our perspective, the above failure mainly stems from the 
fact that the maximum value of Routledge's beta diversity is data 
dependent, violating an essential requirement for a legitimate dif-
ferentiation/dissimilarity measure. The requirement states that 
assemblages without species in common (i.e. complete turn-over) 
should have the largest dissimilarity and this value should be a fixed 
value, see Legendre and De Cáceres (2013, their Properties P5 and 
P9) for equivalent properties for a beta/differentiation measure. 
Nevertheless, as will be shown in COMPARISON 4, Routledge's 
beta for any q ≥ 0 can be properly normalized via our proposed non-
monotonic transformations to obtain legitimate dissimilarity mea-
sures in [0, 1] that can be compared across studies.

(6a)q�R, max=

⎛⎜⎜⎜⎜⎝

S∑
i=1

N∑
k=1

w
q

k
p
q

ik

S∑
i=1

N∑
k=1

wkp
q

ik

⎞⎟⎟⎟⎟⎠

1∕(1−q)

=

qDjoint

q�R
, q≠1;

(6b)
1�R, max=

1Djoint

1�R

=exp

(
−

N∑
k=1

wk logwk

)
,
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(COMPRISON 4) Dissimilarity/differentiation measures. 
Any beta diversity (say, β) can be transformed to a dissimilar-
ity measure in the range [0, 1] via a normalized transformation: 
[h(�)−h(�min)]∕[h(�max)−h(�min)] for any monotonic function h(�), 
where �max and �min denote, respectively, the maximum and mini-
mum values that the beta measure can take. Since Chiu et al.’s beta 
component ranges from 1 to N (i.e. �min=1 and �max=N), the above 
normalized transformation reduces to [h(q�C)−h(1)]∕[h(N)−h(1)] 
for any q ≥ 0. The four functions used in Chiu et al. (2014) are 
h(�)=� ,�−1,�1−q ,�q−1 (q≠1), respectively, yielding Sørensen-type 
turnover, Jaccard-type turnover, Sørensen-type non-overlap and 
Jaccard-type non-overlap measures. All these four compositional 
dissimilarity measures are monotonic functions of Chiu et al.’s beta, 
see Table 1 for formulas with interpretations. Appendix S2 (Sections 
S2.1 and S2.2) gives more details. All the four transformed measures 
satisfy the required properties for a dissimilarity measure listed in 
Legendre and De Cáceres (2013).

As indicated in the Introduction, when assemblages are not 
equally weighted, no proposals on how to construct legitimate (dis)
similarity/differentiation measures based on Routledge's beta of any 
order q ≥ 0 have appeared in the literature. In this paper, we derive ex-
plicitly in Equations (6a) and (6b) that Routledge's beta is in the range 
[1, q�R, max], instead of [1, N] unless all weights are equal. Our results 
lead to the normalized transformation [h(q�R)−h(1)]∕[h(q�R, max)−h(1)] 
for any q ≥ 0, see Table 1 for our proposed dissimilarity measures in 
[0, 1] with interpretations, and Appendix S2 (Section S2.3) for more 
details.

From Equations (6a) and (6b), all our proposed dissimilarity 
measures are functions of joint diversity. This supports Gregorius's 
(2014) perspective that measures of differentiation require a third 
order of diversity, that is, joint diversity in addition to gamma and 
Routledge's alpha. Intuitively, information about the pooled-assem-
blage diversity and within-assemblage diversities cannot indicate 
complete differentiation (Gregorius, 2014, p. 56). In the special 
case of h(�)= �−1, our proposed dissimilarity measure is identical 
to the differentiation measure D′

m
 developed in Gregorius (2010, 

p. 380).
Each of the proposed transformations for any q ≥ 0 is no 

longer a monotonic function of Routledge's beta. For q = 1, our 
proposed transformation to a legitimate dissimilarity measure is 
log (1�R)∕ log (

1�R, max)= log (1�R)∕
∑N

k=1
(−wk logwk), which corre-

sponds to a generalization of the Horn (1966) heterogeneity index 
of N = 2 to any value of N ≥ 2. This formula for q = 1 is also consis-
tent with Eq. (21) of Jost (2007) and the measure listed in Table 3 
of Gaggiotti et al. (2018). Our transformation is not a monotonic 
function of Routledge's beta because the assemblage weights de-
pend on the data; examples are provided in Appendix S2 (Section 
S2.4) to numerically demonstrate that our proposed transforma-
tions are not monotonic functions of Routledge's beta for q = 0, 
1 and 2.

For q = 1, Tuomisto (2010, p. 13) proposed a monotonic trans-
formation, log (1�R)∕ logN, which is different from our formula in 
the normalizing constants (i.e. denominators). We can examine the 
performance of the two different measures of q = 1 by considering 

TA B L E  1   A summary of species/taxonomic compositional dissimilarity measures with interpretations (all are interpreted in an effective 
sense) based on monotonic transformations of Chiu et al.’s beta diversity q�C and proposed non-monotonic transformations of Routledge's 
beta diversity q�R; see Equations (6a) and (6b) for the explicit maximum value q�R, max of Routledge's beta

Dissimilarity measure
Monotonic transformations of Chiu et al.’s beta 
diversity q�C

Proposed non‐monotonic transformations of 
Routledge's beta diversity q�R

Sørensen-type non-overlap 1−CqN=
(q�C )

1−q−1

N1−q−1
, q≠1;

 
1−C1N =

log (1�C )

logN
 

Average proportion of non-shared species in an 
assemblage

1−C∗

qN
=

(q�R )
1−q−1

(q�R, max)
1−q−1

, q≠1; 

1−C∗

1N
=

log (1�R )

log (1�R,max )
=

log (1�R )

−
∑N

k=1
w
k
logw

k

 

Size-weighted average proportion of non-shared 
species in an assemblage

Jaccard-type non-overlap 1−UqN=
(q�C )

q−1−1

Nq−1−1
, q≠1; 

1−U1N =1−C1N=
log (1�C )

logN
. 

Proportion of non-shared species in the pooled 
assemblage

1−U∗

qN
=

(q�R )
q−1−1

(q�R, max)
q−1−1

, q≠1; 

1−U∗

1N
=1−C∗

1N
=

log (1�R )

log (1�R,max )
=

log (1�R )

−
∑N

k=1
w
k
logw

k

 

Size-weighted proportion of non-shared species in 
the pooled assemblage

Sørensen-type turnover 1−VqN=
q�C−1

N−1
. 

Species turnover relative to alpha

1−V∗

qN
=

q�R−1
q�R, max−1

 

Size-weighted species turnover relative to alpha

Jaccard-type turnover 1−SqN=
1∕q�C−1

1∕N−1
. 

Species turnover relative to gamma

1−S∗
qN

=
1∕(q�R )−1

1∕(q�R, max)−1
 

Size-weighted species turnover relative to gamma

Notes: (1) The indices CqN, UqN VqN and SqN denote the four classes of compositional similarity measures based on Chiu et al.’s beta diversity, whereas 
1 − CqN, 1 − UqN, 1 − VqN and 1 − SqN denote the corresponding dissimilarity measures. (2) The indices C∗

qN
,U∗

qN
,V∗

qN
 and S∗

qN
 denote the four classes of 

compositional similarity measures based on Routledge's beta diversity, whereas 1−C∗

qN
, 1−U∗

qN
, 1−V∗

qN
 and 1−S∗

qN
 denote the corresponding dissimi-

larity measures. (3) See Appendix S2 for details of all dissimilarity measures and Table S2.1 for mathematical formulas.
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two assemblages having no species in common and severely unbal-
anced assemblage sizes. In this case, any legitimate dissimilarity index 
should tend to the maximum value of unity. While our proposed com-
positional dissimilarity value of q = 1 tends to the correct value of 
unity, the dissimilarity value based on Tuomisto's formula tends to the 
minimum value of 0 because 1�R tends to unity due to one dominant 
assemblage. This reveals that the measure log (1�R)∕ logN via a mono-
tonic transformation of Routledge's beta of q = 1 cannot be used to 
quantify compositional dissimilarity when assemblage sizes/weights 
are unequal, see Appendix S2 (Section S2.4) for a numerical example.

As proved in Appendix S1 (Section S1.2), Chiu et al.’s similar-
ity indices attain the maximum value of unity (i.e. beta = 1) if and 
only if all assemblages are identical in terms of species identity 
and raw abundance, whereas Routledge's similarity indices attain 
the maximum if and only if all assemblages are identical in terms 
of species identity and relative abundance. This indicates that Chiu 
et al.’s (dis)similarity measures should be used to assess compo-
sitional (dis)similarity in species raw/absolute abundance datasets 
across unweighted assemblages, whereas Routledge's (dis)similar-
ity measures should be used to assess compositional (dis)similarity 
in relative abundance datasets across size-weighted assemblages. 
Legendre and De Cáceres (2013) indicated that a beta/dissimilar-
ity measure should also possess some monotonicity properties 
when differences in raw abundance increase, see Appendix S2 
(Sections S2.5 and S2.6) for detailed discussions on two monoto-
nicity properties for Routledge's and Chiu et al.’s beta diversities 
and associated dissimilarity measures.

(COMPARISON 5) Numerical examples. Some simple hypotheti-
cal data are provided in Appendix S3 to intuitively and numerically 
compare Routledge's and Chiu et al.’s alpha/beta values and the 
associated dissimilarity measures. The detailed comparisons of the 
three sets of two assemblages: (i) {(2, 8), (2, 8)}, (ii) {(2, 8), (20,80)} and 
(iii) {(2, 8), (200,800)}, as discussed in the Routledge's (1979) alpha 
formula section, are shown in Table S3.1. We also used (in Table 
S3.2) three sets of assemblages to numerically investigate the per-
formance of our proposed dissimilarity measures via non-monotonic 
transformations of Routledge's beta.

(COMPARISON 6) Extension to phylogenetic diversity partition-
ing. In the above diversity analysis, all species are considered to be 
equally distinct from one another and species relatedness is not taken 
into account; only species identity and abundance are considered. 
Chao et al. (2010) extended Hill numbers and related (dis)similarity 
measures to incorporate phylogeny so that evolutionary information 
among species can be taken into account. Chiu et al. (2014) general-
ized species diversity decomposition to a phylogenetic version and 
derived phylogenetic alpha, beta and gamma diversity; they also de-
veloped four classes of phylogenetic (dis)similarity measures to com-
pare multiple datasets of node/branch raw abundances. Routledge's 
alpha diversity formula can be similarly generalized to incorporate 
phylogeny among species. Our comparisons for species alpha, beta, 
gamma and (dis)similarity measures, as discussed in the above steps, 
can be directly extended to the corresponding phylogenetic versions, 
see Appendix S4 for details.

3  | APPLIC ATION

The Kenting Karst Forest Dynamics Plot, located in Kenting National 
Park, Taiwan (21°58’N, 120°48’E), covers an area of 10 ha in size. 
The forest is characterized by karst topography, which is associated 
with distinctive landscapes formed by layers of limestone bedrock. 
The latest two censuses of woody plants were conducted in 2008 
and 2013. In each census, woody plants with diameter at breast 
height (DBH) ≥1 cm were mapped, measured and identified to spe-
cies (Wu et al., 2011). The census data reveal that the number of 
woody plants decreased substantially from about 39,100 individuals 
in 2008 to 33,800 individuals in 2013, mainly due to the dramatic 
decline (from 9,799 to 4,786) in small individual plants (DBH ≤ 2 cm). 
This decrease may be attributed to ungulate herbivory, with the in-
troduction of Formosan sika deer (Cervus nippon taiouanus) thought 
to be the major cause.

Formosan sika deer, an endemic subspecies in Taiwan, once 
thrived in western Taiwan's lowland plains and hills. The wild pop-
ulation was believed to have become extinct about 1969 due to 
intensive hunting and loss of natural habitat. In 1984, the Taiwan 
Government funded the Sika Deer Reintroduction Project, based in 
Kenting National Park (333 ha), using 22 domesticated deer from 
Taipei Zoo. Since 1994, over 200 deer have been released into the 
National Park. In December 2014, Formosan sika deer were de-
tected in 83% of the 15,380 photographs obtained from 18 camera 
traps (Lin, unpublished data). Foraging by these ungulates may have 
led to the change in plant species abundance distribution and altered 
species and phylogenetic diversities in the plot.

Our analysis focused on small individual plants (DBH ≤ 2cm), be-
cause these are the major group of plants consumed by sika deer. A 
total of 67 species in this size class were recorded, 64 species (9,799 
individuals) in 2008 and 56 species (4,796 individuals) in 2013, with 
53 species shared between the two censuses. A few cultivated spe-
cies, such as Coffea arabica, were excluded from our analysis. A list 
of the species raw and relative abundances for the two censuses 
appears in Chao, Chiu, Wu, Huang, and Lin (2019) and Appendix S5 
(Table S5.1). Species abundances are highly heterogeneous in each 
census. The species Diospyros maritima is the most dominant in both 
censuses, covering 63% of the individuals in the 2008 census and 
nearly 50% in the 2013 census. The most dominant 5 species in each 
census cover approximately 80% of the total individuals.

To evaluate species abundance changes due to the selective 
foraging of ungulates, we applied Chiu et al.’s Sørensen-type non-
overlap measure (the effective average percentage of non-shared 
species in a census) and the Jaccard-type non-overlap measure (the 
effective percentage of non-shared species in the pooled census), 
denoted, respectively, by 1−C

qN
 and 1−U

qN
 in Table 1, to compare 

the two datasets of raw abundances. We also applied the proposed 
Routledge's dissimilarity measures, denoted by 1−C∗

qN
 and 1−U∗

qN
 in 

Table 1, to compare species relative abundances for size-weighted 
assemblages. Figures 1a and 1b depict species/taxonomic dissimilar-
ity profiles as a function of order q, 0≤q≤3, for each measure. The 
corresponding phylogenetic dissimilarity measures, which aim to 
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compare node/branch abundance datasets, are presented in Figures 
1c and 1d. All numerical results are given in Appendix S5.

The Sørensen-type measures in Figure 1a show that when 
only species richness is considered (q = 0), without regard to 
species abundances, the percentage of non-shared species in 
each census (1−C

0N
=12.7%) is close to the size-weighted value 

(1−C∗

0N
=10.3%). The two curves remain close to each other as q 

increases to 0.5. As q is further increased and dissimilarity mea-
sures become increasingly sensitive to species abundances, the 
profile of the measure 1−C

qN
 is increased to a high level of 50% for 

0.5<q≤3, whereas the profile of the measure 1−C∗

qN
 remains at a 

low level in the same range of q values. The Jaccard-type measures 
(Figure 1b) exhibit a similar pattern, although 1−U

qN
 levels-off to a 

constant level of 19%.
The dissimilarity values for 1−C∗

qN
 (in Figure 1a) and 1−U∗

qN
 (in 

Figure 1b) for 0.5<q≤3 are all below 5%, implying that the com-
positional differentiation between the two datasets of species rela-
tive abundances is generally low. However, the two measures 1−C

qN
 

and 1−U
qN

 reveal that the dissimilarity between the two absolute 
abundance datasets is relatively high. For q = 1, both the effective 

F I G U R E  1   Species/taxonomic and phylogenetic dissimilarity profiles as a function of order q, 0≤q≤3 for woody plant species 
(DBH ≤ 2cm) between two censuses (2008 and 2013) conducted in the Kenting Karst Forest Dynamics Plot. (a) Sørensen-type non-
overlap measures 1−C∗

qN
 for comparing species relative abundance datasets for size-weighted assemblages (blue dashed line) and 1 − CqN 

for comparing unweighted species raw abundance datasets (red solid line). (b) The corresponding Jaccard-type non-overlap measures 
1−U∗

qN
 (blue dashed line) and 1 − UqN (red solid line). (c) and (d) correspond to the phylogenetic dissimilarity profiles; see Appendix S4 for 

phylogenetic measures
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(b) Taxonomic dissimilarity (Jaccard)
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(c) Phylogenetic dissimilarity (Sorensen)
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(d) Phylogenetic dissimilarity (Jaccard)
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percentages of non-shared species in an individual census and in the 
pooled census are 11% (1−C

1N
=1−U

1N
=11%), whereas for q = 2, 

these two percentages increase to 32% and 19% (1−C
2N

=32%, 
and 1−U

2N
=19%). The main reason for the relatively low values for 

Routledge's dissimilarity measures in comparison with Chiu et al.’s 
values can be understood by examining the data in Appendix S5. For 
the most dominant species (Diospyros maritima) in both censuses, the 
raw abundance drastically decreased from 6,178 to 2,386, whereas 
the relative abundance decreased from 63% to 50%. For the sec-
ond most dominant species (Drypetes littoralis) in both censuses, raw 
abundance decreased from 789 to 595, whereas relative abundance 
increased from 8.1% to 12.4%. The declines in raw abundances for 
other dominant species are pronounced, whereas their relative 
abundances exhibit limited changes.

The phylogenetic inferences of the 67 plant species were car-
ried out using the maximum likelihood (ML) criterion by applying 
a constraint tree based on the ordinal topology in the Angiosperm 
Phylogeny Group summary, see Appendix S5 for the phylogenetic  
tree and pertinent references. The age of the root (Figure S5.1) is ap-
proximately 135.62 million years. Nearly all non-shared branches are 
associated with species that are rare in both censuses (node abun-
dances are thus low), and most are not evolutionarily deep (branch 
lengths are relatively short). In contrast, most branches associated with 
dominant species are shared. Thus, except for q = 0 (for which node 
abundances are completely disregarded) and very small values of q, the 
dominant shared species and their branch lengths strongly determine 
phylogenetic dissimilarity; unique branches have little effect. Figures 
1c and 1d reveal that all patterns of the four phylogenetic dissimilarity 

measures (i.e. the effective proportions of non-shared branches) are 
generally similar to those of their corresponding species/taxonomic 
dissimilarity measures (the effective proportions of non-shared spe-
cies), although the former values are slightly lower. Consequently, our 
conclusion for the differentiation between the two datasets of species 
abundances can be extended to node/branch abundances.

In summary, the total small plant abundance from 2008 to 2013 de-
creased by about half, due to the introduction of the sika deer into the 
plot, causing relatively high dissimilarity not only between the two sets 
of species raw abundances, but also between the two sets of node/
branch raw abundances, when phylogeny is considered. However, the 
overall change in the species (and node/branch) relative abundances 
between the two censuses is only limited in extent. The R package 
“Dip” (Diversity Partitioning) for computing all measures discussed in 
this paper is available at Github (https ://github.com/AnneChao).

4  | CONCLUSIONS AND DISCUSSION

We have compared Routledge's alpha diversity (Equation 4) and 
Chiu et al.’s alpha diversity (Equation 5c) and have also discussed the 
properties and interpretations of the two alpha formulas and their 
corresponding beta and dissimilarity measures in the Comparisons 
section. A summary of the four classes of compositional dissimilar-
ity measures associated with each alpha/beta formula is given in 
Table 1. The phylogenetic version is briefly presented in Appendix 
S4. A real data example is used to illustrate species and phylogenetic 
dissimilarity measures (see Figure 1).

Difference Chiu et al.’s approach Routledge's approach

Goal Comparing (unweighted) 
species raw abundance 
datasets

Comparing species relative abundance 
datasets for size-weighted assemblages

Alpha diversity Mean joint diversity 
(the effective number 
of species-assemblage 
combinations per actual 
assemblage)

A generalized mean of the diversities of 
individual assemblages

Interpretation of 
beta diversity

The effective number of 
assemblages based on 
(unweighted) species raw 
abundance datasets

The effective number of assemblages 
based on species relative abundance 
datasets for size-weighted assemblages

Range of beta 
diversity

Beta in the range [1, N] for 
all q≥0;  
beta = 1 when N as-
semblages have identical 
species raw abundance 
datasets; 
beta = N when N as-
semblages have no shared 
species

Beta in the range [1,q�R, max] (see Equations 
6a and 6b); 
beta = 1 when N assemblages have iden-
tical species relative abundance datasets; 
beta = q�R, max when N assemblages have 
no shared species, where q�R, max is data-
dependent and may be greater than N

Normalized 
dissimilarity 
measures

Monotonic transforma-
tions of beta for all q≥0 
(see Table 1)

Non-monotonic transformations of beta 
for all q≥0 (see Table 1)

TA B L E  2   Major (dis)similarities 
between Chiu et al.’s approach and 
Routledge's approach based on N-
assemblage species raw abundance data 
with unequal assemblage sizes/weights 
(for equal assemblage sizes/weights, the 
two decompositions are identical); see 
Table 1 and Appendices S1 and S2 for all 
formulas. 

https://github.com/AnneChao
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Our comparisons reveal that Chiu et al.’s and Routledge's ap-
proaches have some shared properties. However, there are also some 
major differences between the two approaches in terms of their goals 
as well as their possession of, or lack thereof of, some other properties. 
The major differences between the two approaches are summarized in 
Table 2 and further reiterated with respect to the goal of the researcher 
in the following two guidelines based on raw abundance datasets.

1. If the goal is to assess compositional (dis)similarity among (un-
weighted) species raw abundance datasets, then Chiu et al.’s 
approach should be used. The corresponding beta diversity 
ranging in [1, N] is independent of alpha and quantifies pure 
differentiation among multiple sets of raw abundance datasets; 
it can be further transformed to the corresponding (dis)similarity 
measures in [0, 1] via monotonic transformations (see Table 1).

2. If each assemblage is weighted by its total abundance (i.e. assem-
blage size), but the goal is to assess compositional (dis)similarity 
among species relative abundance datasets, then Routledge's 
approach should be used. For any q ≥ 0, we have proposed non-
monotonic transformations of Routledge's beta to obtain legiti-
mate dissimilarity measures in the range [0, 1] (see Table 1).

4.1 | Arbitrarily specified assemblage weights

In addition to the size weights used in Routledge's original approach, 
ecologists also use other types of assemblage-weights, such as rela-
tive sampling effort (sampling duration or geographical area of each 
assemblage). When a new set of weights is applied, one may think it 
logical to simply replace the weight functions in the gamma formula 
(Equation 3) and in Routledge's alpha formula (Equation 4) by the 
new weight functions and obtain the corresponding beta and (dis)
similarity. However, one caveat should be noted with regard to this 
approach: the abundance of any species in the pooled assemblage 
is no longer obtained by directly pooling the species’ abundances 
over assemblages, violating the unequivocal definition of gamma 
diversity.

For example, let the abundances of species a and b in Assemblage 
I and species c and d in Assemblage II be (2, 8) and (20, 80), respec-
tively. Gamma diversity for this example is the Hill numbers based on 
the species relative abundance set {2∕110,8∕110,20∕110,80∕110}= 
{0.018,0.073,0.182,0.727} (see Equation 3), which represents the 
species relative abundance distribution of the entire assemblage, 
that is Assemblage I pooled with Assemblage II. Here, each rela-
tive abundance in the entire assemblage is identical to pooling over 
species relative abundances across the two assemblages using the 
relative size weights {w1=10∕110,w2=100∕110} (see Equation 2b). 
Suppose a different set of weights, say, {w1=0.25,w2=0.75}, were 
used in the above procedures, the “gamma” diversity computed from 
Equation (3) then becomes the Hill numbers based on the species 
relative abundance set {0.05, 0.2, 0.15, 0.6}, which is different from 
that of the entire assemblage. The resulting “gamma” diversity thus 
does not conform to the formulation of gamma diversity.

4.2 | Sampling issues

As Chiu et al.’s alpha diversity is based on joint species-assemblage 
raw data, it is important to ensure that the raw data across assem-
blages are meaningfully comparable. Census data such as those 
analysed in our real data analysis are clearly comparable. However, 
for sampling data, the assessment of joint diversity requires sam-
pling the whole assemblage (Gregorius, 2010). When sampling is 
conducted within each assemblage, we suggest that a fixed propor-
tion of individuals be sampled in all assemblages; that way, the raw 
abundances can be pooled over assemblages for computing gamma 
diversity. When equal-proportion sampling is not feasible within 
each assemblage, only comparisons of species relative abundances 
are meaningful. In practice, all measures need to be estimated from 
sampling data and statistical issues thus merit more research, see 
Appendix S6 for statistical estimation issues.

4.3 | Additional discussion

The paper by Marcon and Hérault (2015) focuses primarily on de-
composing phylogenetic diversity, but they raised several questions 
about the use of Chiu et al.’s (taxonomic) alpha diversity. Their dis-
cussion reflected the need for practical guidelines regarding the 
choice of a proper measure of alpha diversity. Here, we single out 
only one aspect of their conclusions; other clarifications pertaining 
specifically to their discussions are given in Appendix S6.

Marcon and Hérault (2015) concluded that, ‘The price to pay 
[for adopting Routledge's alpha] is α- and β-diversities are not in-
dependent….The real consequences of this dependence will have 
to be studied in depth’. Here we can provide one consequence. As 
discussed in COMPARISON 3, the “dependence” or relatedness of 
Routledge's α- and β-diversities arises because the maximum value 
of Routledge's beta is data dependent, see Equations (6a) and (6b). 
Due to such “dependence”, the same magnitude of Routledge's beta 
for different sets of assemblages may represent different degrees 
of compositional differentiation. For example, Routledge's beta val-
ues close to unity may mean either the assemblages are identical, 
or the assemblages are completely distinct (no shared species), see 
COMPARISON 3 and Appendix S3 (Tables S3.1 and S3.2) for numer-
ical examples. This ambiguity signifies a consequence, namely that 
Routledge's beta cannot be used to properly quantify compositional 
differentiation among assemblages. Nevertheless, we have proposed 
legitimate differentiation/dissimilarity measures for any q ≥ 0 based 
on non-monotonic transformations of Routledge's beta (Table 1).
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